
Math Logic: Model Theory & Computability
Lecture 19

Propositional/Boolean axioms
.

For all 5-formulas 4
,
4
, 1 , the following are axious :

(1) x- (4 + 4)

Remark
.

This is equivalent to /1 -
,
which is obviously true in evers

structure
.

(2) ( + 4) - ((4 - (4- n)) -> (4 + M))
.

Remark
. Ris is envir t ((14-1(P14 -M1 4) + .

(3) Proof-by-contradiction : F + 4) -> ((24 - -4) + 4] .
Remark

.

This is equiv to (f-4) 1 (4-1)] %.

Quantifier axious . For all -formulas P
,
4
,
M
,
for all variables v

,
and

for all 5-terms + that are OK to play-in for r in 4
,
the following we axious :

(4) Instantiation: (v) -> Y(/v) .

(5) Generalization : 4 (frP).

Def . For an extentended5- formula P()
,
we say that a restructure A

-

satisfies 4
,
and write AFY

,
if AFFY .

This explains Axiom 15)
.



Equality axions.

(6) Equality is an equivalence relation : For all variables x
, y , z ,

the following we axious:

(6 . 4) Reflexivity : x = X.

16 . b) Symmetry : (x = y) -> (y =x
16.) Transitivity: (x= y 1 y = z) ex=z .

(7) Functions respect equality : For each brary fo Func(o) and potuples Rify
and : = ly, , ..., Yp) of variables &

the following is an axion:

I = 3 = f(x)) = f() ,

where by -5 we mean Xiy ,

1 x 2 = 32 1 ...
1 xn = yn ,

and the whole

formula above is an abbreviation for

x
, y , +(xn =yet ( ... ( x2 = yz - f(xy -,xx) = flyy, n).

(7) Relations respect aquality : For each Rary RoRello) and Retaples
:= I
,
Xal and 5 pl of variables

,
the following is an axioms

x = 5 + (R() + R(j) .

Rule of inference : Modus Powens : For all -formulas Y
,

Y
,

the rule is :

MP
4
,
4 - Y mo> Y

.

We would say
that Y is obtained by MP from Y and -N.

E .g . All humans are mortal , Socrates is a human
,
therefore Socrates is mortal.



Obs
·

All axious in Axiom (i) hold in
every

-structure
,
and Modus

Powens preserves this.
Proof

. Let A : = IA
,
th be a restructure and let &

,
4 be -formulas. We

show that (1) :- (4-4) holds in A .

U+ : = (x
, ...,
x c) such

that () is an extended formula
.

T show It it holds in A we fix
- I

an arbitrary a EA" and show that A0()
· Suppose #FY(2) , then

learly AFT() + Plat by the definition of interpretation of ->
Indeed

,
+3 holds

, by definition
,
if3 holds or 1 fails

,
i
. e. Mvs).

The proofs for the rest of the axioms are similar
,
and clearly Modes Poneus

preserves satisfiability again by the def
.
of interpretation of ->.

Def
.

Let T be a Fluory andI be a r-formula
.
A (formall proof from T

is a finite sequence (4.
,
4.
, ...,
(1) of -formulas such that for each : = /

,...,
a,

either 4: Axiom (a) UT

or Yi is obtained by Modul Donens (MP) from 4; and Up for some

j< i
,
in particular Yp : =

j
+ Yi ·

We
say that T proves Y , denoted THY ,

if there is a proof (e, ..., Cr) from T
with Yu = 4

.

If T= 0 , we would just write ty, and if T-T'V
U My .., Meh , we would write

,
, , ..., Me

+ Y
.

Obs (Soundmen of the proof system). For a ortheory T and a -formula Y,
if Try then TY

.

Proof
. Letl4 ,

....
Yn) be a proof of 4 from T

.

Them we show by induction
on i that TF?

.

But this follows from the previous observation that

Axioms(5) is satisfied by all or structures, T is satisfied by all models of
T

,
and Modus Poneus preserves satisfiability.



Examples of formal proofs.

Prop. Let a be a signature. For all O-formulas Y
,
4 :

+
1 + 0 + 4

.

Proof. (a) (1Axion (1) : + 4+/> >) .
y + Y↳ MP(1

,
11 : Y + 4 + Y.

1) (1) Axiom (2) with 4 : = 0
,
Y : = 0 + 8

,
1 : = 0 : + (0 -> (0+8) -> (10+(0 -8)+8))-(0+0)] .

(2) Axiom (1) : + 0 + (8 ->2)

(3) MP (1
,
(1) : + (0+(0 +8)+8))-(0- f)

(4) Axiom (1) : + 0->/(0 ->8) + 0
(5) MP (4), (3) : 8 -> A.


