
Math Logic: Model Theory & Computability
Lecture 17

Examples /continued). (c) let Oph :=
(E) be the signature of graphs. Let To

be the theory of all 2-regular undirected angelic graphs, i
.

e
.

T : = 34 , 43 VY0n : 223 3 ,
where 6 says the graph is undirected,Z

Y says each vertex has exactly 2 neighbours , and On says there is

no cycle of length n . Let's completely characterize all models of T2
.

Obs
. G :=(V

,
El FT2 if and only if each of its connected components

is a 2-ryukr tee ,
i.
.
e. a -line. ⑧ & & d &

O ⑧80 J

let or demate the connectedness aquivalence :&
elation on V

,
i
. e. urar if u,r are in the

same connected componen
↓ Two models E

,
HFTz we isomoghic

if and if they have but cre "number" of connected components,
O I O I

more precisely , IV/nal = (V
*

/N) ·
· &f > I
o

d && f - O i &
O I g IProp . Th is K-categorical for all uncfbl

En of -> M & I
Cardinals K. bijection

Proof
. Let G, T of Cardinality K

.

Then VE= ,
10 K = ( = (2) =max(Y ,

No, ,

henu IVYnal = *
,
so I has frmary connected components,

same holds for #
,
Hence #.

(d) Let: the signature of -Vector space
: = It

, Xg : EQ)
,
where

Xy is a

uncry operation symbol let US be the -Key of



rector spaces over
,
which is infinite beae the axious about

the elevents of need to be leashed for each knite set ofelements

separately , e .g . to express It F4
,
42 &, vers v

, 14: 42) : V =

1: (9) ,
we need to write one sentence for each pair

19/7 , navely , , r *nig() = *
g , ( )

Thus
,
the models of US are exactly the vector spaces over

As we know
,
two -rector spaces U

,
V are isomorphic iff they admit

equinmerous bases Bu and Br
,

i. e. (Bul = 1 Br .

Prop . US is recategorical for every uncl Cardinal .
Proof

. For a -ractorspace V of Cardinality K
, letting Br demote

a basis for VWe see It K = IV1 = 1 V Bx Q1 = 10. / Prin(Br) /
= Iol . / Brll = IMol · /Bul = BE Pfin (Bu)

= max (No
,
(Brl)

,
here IBrl = K

. Thus
, any

two such recker spaces
have equinumerous bases

,
are therefore isomorphic.

1) For p prime or O
,
recall the theory ACFp of algebraically

closed fields of characteristic p.

Lemma
.
For every uly · closed field F of characteristic p , there is a

maximal transcendental set B(bs zorn) over the price subfield

FoEF Li
. e. The field generated by 1) . Moreover

,
IF1 = max (o , (BI) ,

Furthermore
,
two such fields are isomorphic iff their transcendence

bases are equinerous.
Proof-sketch

. Let B & F be a maximal transcendental set
,
i . e

.

end be
is transcendental over Fo(B(63) := The subfield generated by B28] .



In other words B is algebraically independent over F . ) Then,
any a EF is algebraic over Fo(B) by the maximality of B.
(If a is indep from <6 , ..., bn)
then it can't be that b , is algebraic over 7 a , by,.. buy ,
This needs to be proved , but we'll skip it.

Then
,
F is the algebraic closure of Fo(B) and heare has cardinal

lify IolIBI .

Moreover
, any bijedection between transcedence

bases of two fields F
., F2FACFp is extended to

an isomor

plism (which
may

not be unique),

Lor
.

For
my p prime or O

, ACFp is F-categorical for any uncbl
Cardinal F.

Proof
.

Let F
,
En FALFp of Cardinality K

.

Let By
,
By be transcendence

bases for F, and Fu
.

Thn K = /Fi) = max(No
,
/Bil) implies (BIFF

,

so IBi = 1 Bel
,
Reus F , EFz.

It turns out that the fact that in Examples (2)-(e) we had -enter

goricity for all unith K is not a more coincidence :

Morley theorem. Let t be a ctbl signate and T a or theory . If T is
x - categorical for some uncfll Cardinal x

,
then it is -categorical

for all unctbl cardinals K
.

What Morley actually proves broughly) that for all x-categical theories T
S

their models admit an abstract version of a span operation,
which allows for defining independence and basis, and henre extend

bijections between bases to isomorphisms . And this is why Locate-

goricity implies -categoricity for all k
,
like in our examples (c) -(e) .



In (c)
,
th span of a set u of reclines is the union all the

connected components of all EU
.
In (d)

S
the span is the linear

span , and in (e) the span is the algebraic dosue .

What is categoricity useful for ?
Wash
I

to s - Vaught test (for completement . If a theory T is r-categorical
for some Cardinal >max (No

,
11)

,
Man T is complete

Proof
.

To showT is complete , we need to show If for
any models

#
,
NET ve have MEN . But by upward or downward Lowea-

heim-Skolen Monems
,
Dune are models ' = M and N = N site

--

M
,
N have cardinality .

In particular
, I , NFT,

Hence EN
bya-categoriety , but in particular = MENT= N .

Coroll
. The theories DLO

,
Th (6rCregular acgutic graphs) , US ,ary

and ACFp for p price or O
,

are complete (in their respective signatures).


