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Lecture 10

Thus
,
it is desirable to come up

with a hopefully equivalent theory to Thi)
those axious would easily recognizable (say , by a computer program .

Such an

attempt was made by Peaco
,
who suggested the following theory ,

now called

PeacoArithmetic(PA) ,
in the signature Farth := 10

,
5,i i

CO is not in the image of 57

(PA2) x(y)S(x) = )(y) -> x = y) /S is injective]
(PA3) Ex(x +0 = x) 10 is the additive identity)
(PAK) kxWy(x + S(y) = S(x +y) (def. of + via 3)
(PA5) kx(x . 0 = 0) 10 is the multiplicative annihilator]
(PA6) VxVy(x . S(y) = x -

y + x) (det
. of vic + ]

IPA7") The axiom scheme of induction : for each extended War formula Y(x, 3)
the following is an axiom of PA :

Vi [[Y10 ,5) 1 Wx(Y(x,5) + Y/S(x) , j) -> x Y(x, 5) ,

whereEg abbreviates Ky,Us ... Fyp ,
where 5 = 13

,..., Yn).

Peano hoped not PA would be an equirchest theory to ThIN)
,

but Godel

proved that his is not the case
,
in fact, there is no computer recognizable

trans equivalent to ThIN) - His is known as the Godel incompletened
theorem.

Semantic consistency , implication ,

and completeness.

Def .
At-theory is called satisfiable (semantically consistent) if it has a

utimlipfluptike us huchmacluche



nonempty model
.

All examples oftheories given above are satisfiable
.

Def
.

For a --theory 5 and a recentence 4
,

we say that
T models/satisfies

sematically implies 4
,
denoted TFY

,
if every model of Tsatisfies 4

.

In other words
,
TF if and only if 46 Th (A).

Obs
.

For a --theory T ,
the following are equivalent :

(1) T is not satisfiable
.

(2) T FY for each O-sentence Y
.

(3) TF1 ,
where + : = I x(x + x)

.

Proof
.
(1) -(2). Since T doesn't have my models

,
it is true But every model

of T satisfies whatever we want .

(2) = (3). Special case .

(3) => (1). No structure satisfies 1
,
hence TFL implieshat I has we

mochls .

e

Examples . (a) GROUPS#((yx = 1 X x . z = 1) ->
y = z)

.

Proof
.

Let 2 := (2
,

1
,

:

,
I'l be a model of GROUPS

,
so a

group.
Fix arbitrary elements g ,

h
,
KEG (i

.
e. Take xi=g , y:= h, z := b)

and
suppose hig = 15 and g . k = 1f. Then

h = h - 1 = h - (g . K) = (h : y) k = 1 E . K = K
.
Thus

,
LFP

(6) For each prime p
and meN

,
FIELDS F 1 + H ... +1 = 0 if and only iff -

n

p divides n
.



To prove Mic
, again hix any

field of chacteristic p and show let

the statement holds in it.

k) FIELDS .
F I + +

...
+ I FO for all neINt

.

-
n

To prove His fix an arbitrary field of clear. O and show this

b
> induction .

Def
.
restructures A and I are called elementarily equivalent if they have-

the came Meoy ,
i

.
e. Th(A) : Th (1)

.

We demote this by A = B .

We have proven earlier that if A and I are isomorphic ,
then Des are

elementarily equivalent. However the converse isn't true in general. For excur

ple , one can show IHW) that (R
,
c) = (1

,
<) but they can't be ico-

morphic bease M and IR are not equicnnerous .

Def .
Let T be a --theory We say that

i is semantically i-complete if
J

for each --sentence 4
,

we have that TAG or TFc4.

Note. If T is not satisfiable
,
thenT is automatically complete beau

both TF4 and TFTY for eccho-sentence Y
.

Thes
,
this motion is only useful whenT is satisfiable

,
in which

case the "or" is exclusive
,

i
. e . only one of TFY and TAGY holds

.

Prop . A u-theory T is semantially life if and only if AEB for allE-comp
models A , B of T .

Examples. (a) GROUPS is not semantially complete because
,
for excels

,
there are



abelian and monabelian groups.

(b) For P prime or O
, FIELDSp is not seractically complete beare there

are fields of car.p that in which x2+ 1 =0 has a root and there

are those in which there is no root
.

() It is Tarski's Meonem that for each pprime or P
,
ACFP is semanti-

cally complete. We will prove this later .

(a) Godel's incompletemen therem states But PA is not seractically complet .

(e) ThIA) is sematically recomplete for each testructure A .

In particular , Th(A) is sematically Earth-complete.

Def. A o-thery T is called i-maximal if it is satisfiable and for each

-sentence 4
,

we have lot YET or -YET
.

Exaple. For a restructure A
,
Th(A) is E-maximal

Pls
. Every satisfiable - thery T admits a maximal othery FCT.

In particular , every satisfiablea-theory T admits a satisfiable r-completion.
Proof. I has a model A so let T := Th(M)

.


